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1 Introduction 



The Euclidean Taub-Newman-Unti-Tamburino (Taub-NUT) metric is in- 
volved in many modern studies in physics. One of the first examples given 
of a gravitational instanton was the self-dual Taub-NUT solution pp. Much 
attention has been paid to the Euclidean Taub-NUT metric since in the 
long-distance limit the relative motion of two monopoles is described ap- 
proximately by its geodesies [21 El- On the other hand this metric is just the 
space part of the metric of the celebrated Kaluza-Klein monopole of Gross 
and Perry |3] and of Sorkin j3] . 

The Taub-NUT space is also of interest since beside isometries there are 
hidden symmetries giving rise to conserved quantities associated to Stackel- 
Killing tensors 0. There is a conserved vector, analogous to the Runge-Lenz 
vector of the Kepler type problem, whose existence is rather surprising in view 
of the complexity of the equations of motion [7]-Pni- These hidden symme- 
tries are related to the existence of special objects arising in this geometry, 
i.e. four Killing- Yano tensors generating the Stackel-Killing ones jH], 

m-M- 

The quantum theory in the Euclidean Taub-NUT background has also 
interesting specific features in the case of the scalar fields J3] as well as for 
Dirac fields of spin | fermions jin|-CH|- In both cases there exit large alge- 
bras of conserved observables [E| including the components of the angular 
momentum and three components of the Runge-Lenz operator that complete 
a six-dimensional dynamical algebra [HI El IE] • Remarkably, the orbital an- 
gular momentum has a special unusual form that generates new harmonics 
called 5*0(3) ® f/(l)-harmonics [1^]. What is the explanation of this fact ? 

In our opinion the form of the angular momentum operator is determined 
by the specific type of isometries of the Euclidean Taub-NUT space which 
combine linear representations with induced ones [201 1^ • The purpose of 
this article is to prove this shoving that the fourth Cartesian (or spherical) 
coordinate transforms under rotations according to a representation of the 
SO {3) isometry group induced by one of its 5*0(2) subgroups. Thus, after 
we present in the next section the form of the isometry transformations, we 
demonstrate in Sec. 3 that these involve an induced representation for which 
we deduce the explicit closed form of the transformation law. The Sec. 4 is 
devoted to the isometry generators showing how the induced representation 
determines the specific form of the angular momentum operators of the scalar 
or spin half theories. The corresponding new spherical harmonics ^H] as well 
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as the associated Pauli spherical spinors ^H] are briefly presented in the next 
section. Some technical details are given in an Appendix. 



2 S0{3) U{1) isometry transformations 

The Euclidean Taub-NUT manifold M4 is a 4-dimensional Kaluza-Klein 
space which has static charts with the Cartesian coordinates x'^ (/i, z/, ... = 
1,2,3,4) where = 1,2,3) are the physical Cartesian space co- 

ordinates while x'^ is the Cartesian extra-coordinate. In the usual three- 
dimensional vector notations, x = {x^,x^,x^), r = |x| and dP = lix ■ c/x, its 
line element reads 

ds^ = ^^dP + V{r) [dx^ + Ai{x)dxf (1) 

where 

1 M . Li x'^ , a x^ 

V r r r + x^ r r + x^ 

The real number /i is the main parameter of the theory. If one interprets, 
A as the gauge field of a monopole it results the magnetic field with central 
symmetry 

B=^^^^. (3) 

Other important charts are those with spherical coordinates (r, 6, 0, x) 
where r,6,(l), are commonly related to the physical Cartesian ones, x\ The 
apparent singularity at the origin is unphysical if x'^ is periodic with period 
47r/x |Z]-[IIIj. Consequently the fourth coordinate x is defined such that 

a:^ = -/x(x + 0). (4) 

This chart covers the domain where r>0if/i>0orr> |yu| if/i<0, the 
angular coordinates 9, (p cover the sphere S"^ and x ^ = [0,47r). The line 
element in spherical coordinates is 

ds^ = ^{dP + r^de^ + sin^ 9 dcj)^) + fi^V{dx + cos 9 d^f , (5) 

since 

= A0 = O, A^ = cos 9) . (6) 
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The Euclidean Taub-NUT spaces M4 possess a special type of isometries 
which combines the space transformations with the gauge transformations of 
the gauge field A(x). There are U4{1) transformations x'^ — > x'^ = + A 
which leave the metric invariant if A is a point-independent real constant. 
Moreover, if one takes A = A(x) an arbitrary function of x then these become 
gauge transformations preserving the form of the line element only if one 
requires A to transform as 

A,(x)^A:(x)=A,(x)-9,A(x). (7) 

Thus it is obvious that U^^l) is an isometry group playing, in addition, the 
role of the gauge group associated to the gauge field A. In other respects, 
this geometry allows an 5*0(3) symmetry given by usual /mear rotations of 
the physical space coordinates, x ^ x' = i?x with R G 5*0 (3), and the 
special non-linear transformations of the fourth coordinate, 

R : x"^ ^x'^ = x^ + h{R,x), (8) 

produced by a function h depending on R and x which must satisfy 

h{R'R, x) = h{R', Rx) + h{R, x) , h{Id, x) = (9) 

where Id is the identity of 5*0(3). Obviously, this condition guarantees that 
Eq. (jHl) defines a representation of the 50(3) group. These transformations 
preserve the general form of the line element (0) if A transforms manifestly 
covariant under rotations as a vector field, up to a gauge transformation, 
V being a scalar. In this way one obtains a representation of the group 
5*0(3) f4(l) whose transformations, 

X x' = i?x (10) 
[/?,A(x)] : x^ x'^ = + /i(i?, x) + A(x) (11) 
A(x) ^ A'(x') =i?{A(x)- V[/i(i?,x)+A(x)]} ,(12) 

produced by any R G 5*0(3) and real function A(x), combines isometries 
and gauge transformations. Hereby we can separate the isometries requiring 
that for point-independent parameters A the components of the gauge field 
remain unchanged, i.e. = Ai. According to Eq. (fT^ . this condition can 
be written as 

Vh{R,x.) = A{x.)-R-^A{Rx) (13) 
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defining the specific function h corresponding to tlie gauge field A. Therefore, 
the isometry transformations {R, A) : three-dimensional rotations 

and translations that transform x = (x, x^) into x' = (x', x"^) according to 
Eqs. (fTUj) and (fTT|) restricted to point-independent values of A and function h 
defined by Eq. (fT^ . These form the isometry group /(M4) = 5*0(3) (8> U^ll) 
of the Euclidean Taub-NUT space M4. What is remarkable here is that the 
representation of /(M4) carried by M4 mixes up linear transformations with 
non-linear ones involving the function h. 

In our opinion the study of this type of representation is important since 
it governs the transformation laws of the vectors and tensors under isome- 
trics that are the starting points in deriving conserved quantities through 
the Noether theorem. For example, the isometry {R, A) transforms the con- 
travariant components v'^{x) of a four-dimensional vector field as 

v\x) v'\x') = R'y{x), (14) 
v\x) v'\x') = v\x) + v\x)dih{R, x) . (15) 

It is worth pointing out that from Eqs. (jl3p and (jl5|) we can deduce that 
the quantity 

v'\x') + A(x') ■ v'(x') = v\x) + A(x) ■ v(x) (16) 

behaves as a scalar. These interesting properties of isometrics could be better 
understood finding explicitly the analytical expression of the function h. 

3 The induced representation 

The study of the function h must combine the integration of the equations 
(jl3|) with some algebraic properties resulted from the condition ©. The 
main point is to show that the transformation rule (jH} of the fourth coor- 
dinate of M4 is given by a representation of the isometry group induced 
by one of its subgroups. We recall that the 5*0(3) subgroup of /(M4) has 
three independent one-parameter subgroups, 5*04(2), i = 1,2,3, each one 
including rotations Ri{ip), of angles ip ^ [0, 27r) around the axis i. With this 
notation any rotation R G 5*0(3) in the usual Euler parametrization reads 

i?(«,/?,7) = /?3(«)i?2(/?)i?3(7)- 

We start with the observation that because of the special form of gauge 
field all the rotations of the subgroup 503(2) satisfy the condition 

i?A(x) = A(i?x) , Vi?G 503(2). (17) 
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Bearing in mind that, in addition, the gauge field does not depend on x*^ we 
say that the subgroup H{M4) = S03{2) ^1/4(1) C /(M4) is by definition the 
little group associated to A. In what follows we are interested to exploit the 
existence of the little group focusing on the rotations R G 5*03(2). According 
to Eqs. (fT^ and (fT7|) it results that 

h{R,x) = h{R) (18) 

is point-independent being defined only on 6*03(2). Then the condition ^ 
becomes 

h{RR') = h{R) + h{R') , y R, R' e 803(2) (19) 

which means that the set of values {h{R) \ R E 6*03(2)} form a one-dimen- 
sional representation of 6*03(2) provided h{Id) = 0. This representation is 
non-trivial (with h{R) 7^ when R 7^ Id) only if we assume that 

h[R3ia)] = const, a . (20) 

These properties suggest us to try to find the function h using rotations 
in the Euler parametrization and the chart with spherical coordinates where 
the differential equations could be simpler since h{R, x) = h{R, 9, 0) does 
not depend on the radial coordinate r. Then, according to Eqs. (jl8|) and 
(Uni), we can write 

/i[i?(a,/?,7),x] = h[R3{a)] + h[R2ii3)R3il),^] 

= /i[i?2(/3),i?3(7)x] + /i[i?3(a + 7)] (21) 

pointing out that the central problem is to integrate the system (fT^ in spher- 
ical coordinates for the particular case of i? = R2{l3)- Denoting h[R2{l3),yi] = 
h{l3, 6, 0), after a few manipulation we find that Eqs. (jl3|) take the form 

, / ^ ^ ,x sin sin/? 

deh{(3,e,<l)) = -fi— J . ^ -— -, (22) 

1 + cos COS p — sm t7 cos (p sm p 

(l-cos0)(l-cos/5)-sin^cos0sin/3 

d^h{p,9,^) = /i — — . . 23 

1 + cos tl COS p — sm cos sm p 

The integration of this system gives h{j3, 6, tp) up to some arbitrary integra- 
tion constants as it is shown in the Appendix. However, the definitive form of 
the function h{R, 9, 0) can be easily found by using the technique of induced 
represent at ions . 
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Let us consider the chart with spherical coordinates {r,9,(f),x) where 9 
and can be interpreted as the Euler angles of the rotation giving x = 
i?(6', 0, 0)xo from Xo = (0, 0,r). After an arbitrary rotation i?(Q!,/?,7) e 
/(M4) we arrive to the chart with the new coordinates (r, 6', (p', x') among 
them the first three are the spherical coordinates of the transformed vector 

x' = 0)xo = /3, 7)x 

= i?(a,/?,7)i?(0,^,O)xo. (24) 

In addition, we assume that the fourth transformed spherical coordinate x' 
is defined such that 



i?(0',^^',xO = ^(«,A7)W,^,O) (25) 

from which we deduce 

Rsix) = R'\(P',e',0)R{a,P,j)R{(P,9,0) 

= R^\(P' -a,e',0)R2{P)R{^ + j,6,0). (26) 

Thus we obtain the transformation i? : x — x' of a representation of the 
5*0(3) group inducedhj the subgroup 5*03(2). The corresponding induced 
representation transforming the fourth Cartesian coordinate a;^ is defined by 
Eq. (jHJ where the function h must be 

h{R,e,(P) = -fi{x' + 4>'-4>)- (27) 



The last step is to rewrite Eq. ()26|) in terms of SU{2) transformations cor- 
responding to all the particular rotations involved therein. In this way it is 
not difficult to find the final result: 



h[R{a,(3,^),e, 



-/i(a + 7) 
— 2/i arctan 



sm 



+ 7) 



cot I cot I — cos( 



+ 7). 



(28) 



Now we can convince ourselves that this result is correct since for a = 7 = 
the function h[R{0, P,0),9,(l)] = h{P,9,(f)) is the desired solution of the 
system - calculated in Appendix. Moreover, if we put /3 = 7 = 
we obtain that the point-independent functions are hlR^^a) , 9 , (j)] = 
h[R3{a)] = — yua (with const.=— /i). 
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4 The angular momentum 



In the quantum theory on the Euchdean Taub-NUT background the basic 
operators are introduced using the geometric quantization. Now when we 
know the closed form of the function h we can calculate the generators of 
the natural representation of the group /(M4) using only group theoretical 
methods. 

The natural representation is carried by the space of scalar wave functions 
$ defined on M4 which have the transformation rule (i?, A) : = 
$(a;) under isometrics {R, X) G /(M4). In this representation the generators 
are the (orbital) differential operators defined as usual. More precisely, de- 
noting by ^ a set of parameters of /(M4) and by x'{x,^) the transformed 
coordinates, one associates to each parameter ^'^ the Killing vector ka of 
components 

^x'^'{x,^) 



Kix) 



(29) 

5=0 



9e 

and the vector field 

Xa = -iKix)d^ (30) 

that is just the generator of the natural representation corresponding to 
In the case of our isometry group /(M4) we take the first three parameters, 
the Cayley-Klein parameters of the one-parameter subgroups S0i{2) and 
= A. Then we find that the generator of the f/4(l) translations is the fourth 
component of the momentum operator, P4 = —{84^. Furthermore, exploiting 
the form of h we calculate the rotation generators in Cartesian coordinates. 
These are the components of the orbital angular momentum operator, 

Li = -i(x^d3-x'^d2)+ifx^^di (31) 

r + x-^ 
2 

L2 = -iix^di- x^d3) +iu^^di (32) 

r + x'^ 

L3 = —i{x^d2 — x'^di) + ifid4. (33) 

The last terms arising from Eqs. ()A.5|1 are due to the existence of the function 
h giving the induced representation discussed above. Thus we recover the 
known expression of the angular momentum operator 

L = X X P - /i-P4 (34) 
r 



8 



where P = —i{d—Ad4) is the three-dimensional (physical) momentum whose 
components obey the commutation rules [P^, Pj] = ieijkBkP4, and [Pt, P4] = 0. 

The scalar quantum mechanics in the Taub-NUT geometry ^U] is based 
on the Schrodinger or Klein-Gordon equations involving the static operator 

A = -V^g^-'V, = VP^ + ^P,' (35) 

which is either proportional with the Hamiltonian operator of the Schrodinger 
theory (A = 2H) or represents the static part of the Klein-Gordon operator 
|19j . In both cases when an operator commutes with A we say that this is 
conserved. One can verify that the operators Li are conserved and satisfy 
the canonical commutation rules. Moreover, their commutators with the 
coordinates and the momentum operators are the usual ones. 

Other three important conserved operators are given by the three specific 
Killing tensors of the Taub-NUT geometry, k^,^ ^U]. With their help one 
defines the vector operator which plays the same role as the Runge-Lenz 
vector in the usual quantum mechanical Kepler problem: 

K = -^V.k^'^V. = 1 (P X L - L X P) - /i^ (^1a - -Ig^ j (36) 

with 

Q = -nP^ = -id^ . (37) 
This transforms as a vector under space rotations since its components obey 

[Li, Kj] = ieijkKk . (38) 

Moreover, the operators Ki can be rescaled such that in association with the 
operators Li should constitute the basis generators of different dynamical 
algebras, so(4), so(3, 1) or e(3), corresponding to different domains of energy 
of the free quantum motion of scalar particles in the Taub-NUT background 
[TUj . In our opinion, all this machinery works because of the special form 
of the operators Li whose supplemental terms are produced by the induced 
representation discussed here. 

When one goes to the chart with spherical coordinate a special attention 
must be paid to the definition (0)) which shows that the fourth spherical 
coordinate x is translated with (p. This means that the whole algebra of 
observables in Cartesian coordinates must be transformed according to this 
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translation into an equivalent algebra. To do this it is convenient to define 
the translation operator in terms of the operator Q (j37|) : 



= e^<^« (39) 

which has to transform any operator X defined in the Cartesian chart, giving 
the corresponding observable X = U{(f))XW {(J)) in the spherical chart. In 
other words in the spherical charts we use a representation of the operator 
algebra different from that considered in Cartesian charts. Thus the com- 
ponents of the orbital angular momentum (j34p in the canonical basis (with 
L± = Li ± zI/2) become 



L3 = -id^, (40) 

1 

sin 6 



L± = e 



±80 + i [coiO : — - 



(41) 



Many other operators including the Runge-Lenz vector will take new forms 
in this representation but preserving their commutation relations. 

In theories with spin the form of the conserved operators associated with 
isometrics is, in addition, strongly dependent on the gauge one uses |22l 12^] • 
The space M4 allows a special Cartesian gauge in the chart with Cartesian 
coordinates 24 which leads to a total angular momentum having standard 
components Ji = Li + Si, with point-independent spin operators Si [TE]. 
The corresponding operators in the spherical chart are Ji — Li -\- Si since Si 
commute with U{(j)). We note that the Runge-Lenz operator in theories with 
spin half has specific spin terms as we have recently pointed out [T7l[TH]. It is 
interesting that the basic commutation relations of the algebra of observables 
are the same in the scalar theory as well as in theories with spin ^ of Pauli 
or Dirac type 



5 New harmonics and spherical spinors 

It is natural that the unusual form of the SO (3) generators (pOj) and (PT|) 
should lead to new spherical harmonics. These have to be the common eigen- 
functions of complete set of commuting operators {L^, L3, Q} representing a 
basis of the Hilbert space of square integrable functions of (p, 6 and x de- 
fined on the compact domain 5^ x D^. In Ref. flSj we introduced the 
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so (3) ® f/(l)-harmonics, Yf''^, which satisfy the eigenvalue problems 



T ^v"? 



Q^l,m ^ ^ l,mi 

and the orthonormalization condition 



(42) 
(43) 
(44) 



Alt 



= Sl^l>6m,m'Sq,q' , ■ 



(45) 



The boundary conditions on S'^xD^ require / and m to be integer numbers 
while q = 0, ±1/2, ±1, ... [lOj but, in general, q can be any real number. 
Solving Eqs. (03) and (gH) we get 



(46) 



where the function 9^^ calculated according to Eq. must satisfy the 

normalization condition 



d{cos9) 9f„(cos( 



(47) 



resulted from Eq. ()45|) . This problem has solutions for any values of the 
quantum numbers obeying 



when one founds [121 



0L(cos^) 



2|m| 



|g| — 1 < |m| < I 



{I - |m|)! (/+ |m|)! 



(48) 



r(/-g + i)r(/ + g + i) 



(49) 



X (1 — cos( 



l-\m\ 



2 (1 + cOS^) 2 P,^'|^|'" ' "(C0S( 



For m = |m| the 5*0(3) ® f^(l) harmonics are given by pUj) and ()49|) while 
for m < we have to use the obvious formula 



L—m 



(50) 
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When the boundary conditions allow half-integer quantum numbers / and 
m then we say that the functions defined by Eqs. and (up to a 

suitable factor) represent SU{2) ® f/(l) harmonics. 

Thus we have obtained a non-trivial generalization of the spherical har- 
monics of the same kind as the spin-weighted spherical harmonics [221 or 
those studied in (2^1 ■ Indeed, if /, m and q = m' are either integer or half- 
integer numbers then we have 



yi%{OA,x) = ^^^Dl^m'i<P,0,x) (51) 

where Z)^ ^, are the matrix elements of the irreducible representation of 
weight / of the SU{2) group corresponding to the rotation of Euler angles 
{(j),6,x)- What is new here is that our harmonics are defined for any real 
number q. For this reason these are useful in solving some actual physical 
problems [22]. Notice that similar spherical harmonics were used recently in 
[28j under a different name (ring-shaped harmonics)^. 

With the help of these spherical harmonics we constructed the corre- 
sponding spherical spinors JH] following the traditional method [SH]- We 
defined the spherical spinors '^fj^ruji^^'PiX) as the common two-component 
eigenspinors of the eigenvalue problems 



Q ^ q,j,mj Q ^ q,i,mj ' (^2) 

(^L + 12x2) ^t-,-. = ±(j + l/2)^t-,m,, (55) 



with (Tl = cTjLj where cXi are the Pauli matrices while l2x2 is the 2x2 identity 
matrix. These spinors are, in addition, eigenfunctions of corresponding 
to the eigenvalues l{l + 1) with / = j ± i. For j = I + \ > \q\ — \ have 

1 / J] + m, F." 1 1 \ 

( ) 

^The author seems to be not aware of the previous resuhs of |15j . 
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while for j = / — I > |g| — I we get 

These spherical spinors are orthonormal since the S0{3) Cg) f/(l) harmonics 
are orthonormal with respect to the angular scalar product (^Hj). 
Finally, denoting cr^ = aiX^/r and using Eq. ()55|) and the relation 

{ar, ctl + 12x2} = 2g I2X2 (58) 

we find that 

where = g/(j + |). Note that a similar result is obtained in Ref. PU] . 
By using this property we have written down the particular solutions of the 
Dirac equation in the central charts of the Taub-NUT background [1^ . 




6 Conclusions 

We showed here how transforms under rotations the fourth coordinate of the 
Euclidean Taub-NUT space pointing out that the transformation law is of a 
representation of the group 5*0(3) induced by one of its 50(2) subgroups. 
In this context the angular momentum operators get new specific terms that 
do not change their algebraic relations but give rise to new 50(3) ® U{1) 
spherical harmonics and corresponding Pauli spinors. To our knowledge the 
construction of these new objects of the Euclidean Taub-NUT geometry has 
not been well-described in the literature. 

In other respects, the four- dimensional Taub-NUT and Taub-NUT-AdS 
solutions of Einstein's equations play a central role in the construction of 
diverse and interesting M-theory configurations. The present approach can 
be easily extended to higher- dimensional spacetimes solutions to the vacuum 
Einstein equations pT^. There are solutions with non-trivial topology de- 
scribing spacetimes which are either locally AdS or locally asymptotically 
flat Summing up, we believe that the extension of the present approach 
for the construction of the spherical harmonics to higher- dimensional space- 
times could be relevant within the context of M-theory and deserves further 
studies. 
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Appendix A 

The function 6^ 0) 

Integrating separately the Eqs. (j22I) and (j2Sl) one obtains 



h(i){j3,6,(j)) = 0) — 2/i arctan 



tan I tan | — cos( 



sin0 

[cos6' + cos P) tan ■ 
1 + cos(^ + p) 



(A.l) 
(A.2) 



where F and G are arbitrary functions. If we take F = 2fi(j) — fiir and G = 
then we find the function 



/l(l)(/?,^,0) = /l(2)(A^,0) 

sin I 

— 2/i arctan 



cot I cot I — cos ( 



(A.3) 



that is just the restriction of the function (j2H|) for a = 7 = 0. 

The terms of the angular momentum produced by h have to be calculated 
according to Eqs. and (jH)) starting with 



-fx- 



0=0 



sin 6 sin (p 
1 + cos 6^ 



(A.4) 



Then, denoting = /3 for a = 7 = and = a for /3 = 7 = and using a 
simple rotation of angle 7r/2 around the third axis one arrives at 



dh{R, x) 



1,2 



X 



1,2 



-/i 



dh{R, x) 



r + x'^ ' 



(A.5) 



where = R{^) is a rotation in the Cayley-Klein parametrization. 
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